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j^ ^ Abstract. We show that the natural map from the mapping class 

groups of surfaces to the automorphism groups of free groups, induces 
r~^, ' an infinite loop map on the classifying spaces of the stable groups after 

^SJ . plus construction. The proof uses automorphisms of free groups with 

boundaries which play the role of mapping class groups of surfaces with 
J. several boundary components. 
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1. Introduction 

CN ' Both the stable mapping class group of surfaces Too and the stable auto- 

^ . morphism group of free groups Autoo give rise to infinite loop spaces BFj^ 

and BAutJ^ when taking the plus-construction of their classifying spaces. By 
^SJ ' the work of Madsen and Weiss [16], BFj^^ is now well understood, whereas 

^^ , BAut^ remains rather mysterious. In this paper, we relate these two spaces 

zi [ by showing that the natural map BFj^ — > BAutji^ is a map of infinite loop 



OO 



Q ■ spaces. This means in particular that the map H^{Too) — > -ff* (Autoo) re- 

"^ I spects the Dyer-Lashof algebra structure. To prove this result, we intro- 

-y ■ duce a new family of groups, the automorphism groups of free groups with 

boundary, which have the same stable homology as the automorphisms of 
free groups but enable us to define new operations. 

Let Fn be the free group on n generators, and let Aut(F„) be its auto- 
K^ , morphism group. Note that Aut(F„,) = 7roHtpy^(V„<S'^), the group of com- 

^ ' ponents of the pointed self homotopy equivalences of a wedge of n circles. A 

result of Hatcher and Vogtmann [11] says that the inclusion map Aut(-F„) -^ 
Aut(i<'„,_|„i) induces an isomorphism Hi{Aut{Fn)) — > Hi{Aut{Fn+i)) when 
i < {n — 3)/2, and hence the homology of the stable automorphism group 
Autoo := colim^^oo Aut(-F„) carries information about the homology of 
Aut(F„) for n large enough. 

Let Sg^k be a surface of genus g with k boundary components, and let 
^g,k '■= 7roDiff''^(<S'g^A;; 5) be its mapping class group, the group of compo- 
nents of the orientation preserving diffeomorphisms which fix the boundary 
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2 NATHALIE WAHL 

pointwise. The maps Tg^k -^ Fg+i^^, induced by gluing a torus with two 
discs removed, and Tg^k — > ^g,k+i, induced by gluing a pair of pants, are 
homology isomorphisms in dimension i < (g — l)/2 hy Harer and Ivanov 
[9, 14]. Let Too := colimg^oo Tg^i denote the stable mapping class group. 

There is a map / : Tg^i -^ Aut(i<2g) obtained by considering the action on 
the fundamental group of the surface Sg^i since TTi{Sg^i) = F2g. The spaces 
Y[„>Q BFg^i and IJ„>o BAut(F„) have monoid structures induced by the pair 
of pants multiplication on surfaces Sg^i x Sh,i — > Sg^h,i and by wedging 
circles \/nS^ x Vm-S*^ -^ Vn+m-S*^ respectively. The map B/ : ]J„>o BF^^i —> 
]J^>Q BAut(i^„) is a map of monoids, and hence we have a map of loop 
spaces Z x Br+ ^ Z x BAutji^ on the group completion. The wedge product 
defines an infinite loop structure on Z x BAutj^ as it defines a symmetric 
monoidal structure on ]J Aut(F„), thought of as a category. The infinite loop 
structure on Z x Br+ , discovered by Tillmann [22], is more complicated: 
Tillmann defines a cobordism 2-category S which is symmetric monoidal 
under disjoint union and such that f]B5 ~ Z x BF^ . As B5 is an infinite 
loop space, so is its loop space Z x Br+ . Our main result is the following. 

Theorem 1.1. There is an infinite loop space structure on Z x BAutj]^ 
equivalent to the one induced by wedging circles and such that the map 

Z X Br+ ^ Z x BAut+ 

induced by the action on the fundamental group is a map of infinite loop 
spaces. 

To prove this theorem, we enlarge Tillmann's cobordism category S by 
introducing an extra 'graph-like' morphism. We obtain a new 2-category T 
which contains 5 as a subcategory and such that r2B2^ ~ Z x BAutJ^. The 
theorem then follows from the fact that the inclusion 5 — > T is a map of 
symmetric monoidal categories. 

The category T is closely related to the automorphism groups of free 
groups with boundary, which we define now. 

Let Gn,k be the graph shown in Figure 1 consisting of a wedge of n circles 
together with k extra circles joined by edges to the basepoint. We call the 
k circles disjoint from the basepoint boundary circles. The automorphism 
group of free group with boundary A„ ^ is by definition 7roHtpy(G„^yfc; 9), 




Figure 1. G. 
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the group of components of the space of homotopy equivalences of Gn,k 
which fix the basepoint and the k boundary circles pointwise. In particular, 
Anfl = Aut(F„). The group An^k is an analogue of Tg^k+i- In fact, Tg^fc+i 
is a subgroup of ^23,fc- A description of A^^k as an extension of a subgroup 
of Aut(F„+fc), as well as a presentation of the group, are given in joint 
work with Jensen [15] and a description in terms of mapping class groups 
of certain 3-manifolds is given in joint work with Hatcher [13]. This last 
description is used in [13] to prove that the natural inclusions An^k -^ ■^n+i,k 
and An^k -^ ^n,fc+i are homology isomorphisms in dimension i < (n — 3)/3. 

The boundary circles of Gn,fc allow to define new gluing operations be- 
tween graphs and between graphs and surfaces. We use these operations 
to define the 2-category T, whose objects are the natural numbers, whose 
1-morphisms are build out of graphs and surfaces by gluing and disjoint 
union, and whose 2-morphisms are homotopy equivalences fixing the bound- 
ary. The cobordism 2-category S of [22] is the subcategory of T generated 
by the 1-morphisms build out of surfaces only. (See Section 2.) 

Theorem 4.1 says that riBT ~ Z x BAutjio- The main ingredients of the 
proof are the homological stability of the automorphisms of free groups with 
boundary and a generalized group completion theorem. Our Theorem 5.1 
then says that the infinite loop space structure on Z x BAutj^^ induced by 
the symmetric monoidal structure of T is equivalent to the one previously 
known, induced by wedging circles. 

Tillmann proved in [23] that the map Z x BT+j -^ ^(*) to Waldhausen's 
space A{*) is a map of infinite loop spaces. Our result says that this map 
factors as a map of infinite loop spaces: Z x BTj^ — > Z x BAutji^ — > A{*). 
The space QS^ factors out of each of these three spaces (away from two in 
the case of the mapping class group) and the first map on the QS^ factor is 
multiplication by 2. The work of Dwyer- Weiss- Williams ([4], see also [23]) 
implies that the composite map Z x BT^ — > A{*) factors through QS^. It 
is unknown whether Z x BTj^ — > Z x BAutJ^ already factors through QS^, 
or for that matter whether Z x BAut^ is QS^. The rational homology of 
Autoo is known to be trivial up to dimension 6 and is conjecturally trivial in 
all dimensions [12]. On the other hand, the homology of the mapping class 
group is known with any field coefficients [7] and is rather rich. 

The paper is organized as follows: We construct the 2-category T in 
Section 2. In Section 3, we define a T-diagram which is used in Section 4 
to show that fiBT ~ Z x BAut^. In Section 5, we show the equivalence 
of the two infinite loop space structures on Z x B AutJ^ . Section 6 gives an 
alternative definition of T using punctured surfaces. 

Acknowledgment. I would like to thank the Aarhus group, and in par- 
ticular Marcel Bocksted, S0ren Galatius and lb Madsen for many helpful 
conversations. I would also like to thank Allen Hatcher and Craig Jensen 
for their collaboration on the related papers [13] and [15], and Benson Farb 
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and Ulrike Tillmann for conversations at the early stages of this paper. Fi- 
nally, I would like to thank the referee for suggesting a nice improvement of 
the paper. 

2. COBORDISM CATEGORY WITH GRAPHS 

The (1 + l)-cobordisni 2-category has objects 1-dimensional manifolds, 
1-morphisms cobordisms between these manifolds and 2-morphisms diffeo- 
morphisms of cobordisms restricting to the identity on the boundary. We 
define here a 2-category T, modifying Tillmann's model of the cobordism 
category in by adding an extra 1-morphism from the circle to itself, and 
replacing diffeomorphisms by homotopy equivalences. 

Objects: The objects of T are the natural numbers n € N, where n can be 
thought of as a disjoint union of n circles. 

1-morphisms: To define the 1-morphisms of T, consider the following di- 
rected building blocks, called pieces: 

- a pair of pants P, a torus with two discs removed T and a disc D with 
respectively 2, 1 and incoming boundary components and each with 1 out- 
going boundary; 

- a graph-like piece G ~ Gi^i V D^, with incoming boundary the boundary 
circle of Gi^i and outgoing boundary the boundary of the disc (see Fig. 2). 

We fix a parametrization [0, 2tt[ of the boundary circles, with at the end 
point of the attaching edge for the incoming boundary of G. We then allow 
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Figure 2. Pieces and example of a 1-morphism from 4 to 2 

the following gluing operation on the pieces: an incoming circle of one piece 
can be identified — using the parametrization — with the outgoing circle of 
another piece. The boundary of the glued object is defined to be the union 
of the boundary of the two pieces, minus the two identified circles. 

A 1-morphism in T from n to ttt. is a couple {T,a), where T is a 2- 
dimensional CW-complex obtained from the above pieces by gluing and 
disjoint union, with n incoming and m outgoing boundary components, and 
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0" is a labeling of these boundaries. (See Fig. 2 for an example.) One 
can moreover take disjoint union with copies of the circle, thought of as 
a morphism from 1 to 1. These circles are thus to be labeled on both 
sides. The n! morphisms from n to n given by n disjoint copies of the circle 
correspond to the permutations of the labels, with the identity permutation 
representing the identity morphism on n. 

One should think of (T, a) as a combinatorial object, to which a topolog- 
ical space is associated. 

For simplicity, we will drop a from the notation in (T,a). Note that the 
building blocks of T are defined in such way that a 1-morphism T : n ^ m 
has exactly m connected components. 

2-morphisms: A 2-category is a category enriched over categories and the 
1-morphisms of T are the objects of the categories of morphisms T(n,m). 
The 2-morphisms are the morphisms in these categories. Given two 1- 
morphisms T and T', objects of T(n, m), the set of 2-morphisms between T 
and T' is ttq Htpy(T, T';d), the group of components of the space of homo- 
topy equivalences from T to T' which fix the boundary, i.e. which map the 
boundary of T to the boundary of T' via the identity map according to the 
labels. By [10, Prop. 0.19], any homotopy equivalence T ^f T' which fixes 
the boundary is a homotopy equivalence relative to the boundary. (The pair 
(T, dT) is a CW-pair and hence satisfies the homotopy extension property, 
in which case the proposition applies.) In particular, every 2-morphism is 
invertible, but more importantly we will be able to glue homotopy equiva- 
lences along the boundaries. 

Remark 2.1. We consider homotopy classes of homotopy equivalences rel- 
ative to the boundary. By homotopy classes, we mean path components in 
Htpy(T, T'; 9). Two elements / and g are in the same path component if 
and only if they are homotopy equivalent relative to the boundary. Note that 
here, it would not be equivalent to forget the "relative to the boundary" ! 

Note that if T and T' are permutations, the set of 2-morphisms is empty 
unless T = T' in which case it is just the identity. If T and T' are surfaces, 
i.e. if they are build out of P, T and D only, then 

TTo Htpy(r, T'- d) ^ 7roDiff+(r, T'; d) 

(see [15, Sect. 2]). We describe in Lemma 2.2 below the 1-morphisms with 
automorphism group given by automorphisms of free groups with bound- 
aries. 

Composition: The composition of 1-morphisms is defined by gluing ac- 
cording to the labels. We will denote this composition by Ti'C]T2 : n ^ p for 
Ti : n — > m and T2 : m ^ p. 

For /i : Ti — > T[ and /2 : T2 — > T2, define the horizontal composition 
/in/2 : TiDTa -^ T{nT^ by applying /i to Ti and /2 to Tg. This defines 
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a homotopy equivalence as /i and /2 are homotopy equivalences relative to 
the boundary. 

Finally, vertical composition of 2-morphisms is given by the composition 
of homotopy equivalences. 

All compositions are associative and this defines a 2-category. We write 
all compositions in T in the left-to-right order. 

We have seen that surface 1-morphisms in T have automorphism group 
given by mapping class groups. We now describe the 1-morphisms with 
automorphism group given by automorphisms of free groups with boundary. 
They play an important role in determining the homotopy type of T. 

Let Gn,k be the graph given in Fig. 1 and consider Gn.k V D^, where the 
basepoint of the disc is its center. The boundary of Gn,k V D^ consists of 
A: -|- 1 circles: the k boundary circles of Gn,k together with the boundary 
circle of the disc D^. The graph Go,o is just a point so Go,o V D^ = D. Note 
also that Gi,i V D^ = G. 

Recall that An^k = ttq }itpy{Gn,k', d), where dGn,k is the basepoint of Gn^k 
union its k boundary circles. 

We call surface component of an object T of T(A;, 1) any connected com- 
ponent of surface pieces P, T, D and the disc of G glued together in T. For 
example, the object of T(2, 1) in Fig. 3 has two surface components: a torus 
with three holes and a disc. The outgoing surface component of T is the 
surface component whose outgoing boundary is the outgoing boundary of 
T. In the example, it is a disc. 

Lemma 2.2. An object T o/T(A;, 1) is homotopic relative to the boundary 
to Gn,k V D^ for some n, if and only if the outgoing surface component of T 
is a disc. Moreover, if this is the case, we have 7roHtpy(T;9) = An^k- 





Figure 3. ^3,2 V D'^ homotopic to an object of Id (2, 1) 

Let Toik, 1) be the full subcategory of T{k, 1) generated by the objects 
with a disc as outgoing surface component, and let ^s{k, 1) be the full sub- 
category of T(A;, 1) generated by the other objects, i.e. the objects with 
outgoing surface component of higher genus or with more boundary com- 
ponents, or the object represented by the circle in T(l, 1). By the lemma, 
there can be no morphisms in T(/c, 1) between the objects of %o[k^ 1) and 
the objects of 'Xsik, 1). Hence we have 
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Corollary 2.3. 

1{k,l) = '^D{k,l)l[ls{k,l) and Bloik,!) ^ l[BAn,k, 

n>£ 

where e = when k = and e = 1 otherwise. 

Proof of Lemma 2.2. Every surface component of an object T has exactly one 
outgoing boundary by construction. Suppose that T is an object of T(A;, 1) 
with outgoing surface component a disc. Then the outgoing boundary of any 
other surface component in T will be free, i.e. not fixed by the homotopy 
equivalences — as it cannot be the outgoing boundary of T . One can thus 
homotope each of these surface components 5 to a graph G^m^i lying in 5, 
with basepoint of the outgoing boundary of S, its / boundary circles on 
the / incoming boundaries of S and where m is the genus of 5", and this 
can be done while keeping the boundary of T fixed. Such a homotopy can 
easily be constructed by considering the surface component as a polygon 
with appropriate identifications of the edges and with I + 1 discs removed. 

Suppose on the other hand that T does not end with a disc component 
and let S be the outgoing surface component of T . If S has incoming bound- 
ary components, then they have to be incoming boundaries of T because the 
only non-surface piece one can glue to S" is G and this closes the incoming 
boundary it is glued to. Hence all the boundary components of S are bound- 
ary components of T and S cannot be homotoped to a graph while fixing 
the boundary of T . (Recall that ttq Htpy(S'; d) = 7roDiff"'"(5'; d) for a surface 
5.)_ 

Finally, we want to see that if T is homotopic to Gn,k V D^ relative to 
the boundary, then 7roHtpy(T;9) = An^k- It is equivalent to show that 
7roHtpy(G„,fc V D^;d) ^ An,k- Let X := Gn,k VZ^^. 

Note first that An^k — "^o Htpy(X; d), where dX consists of the k bound- 
ary circles of Gn^k together with the basepoint * = € dD^. There is an 
inclusion 

Htpy(X;9)-^Htpy(X;9) 

and we want to show that it induces an isomorphism on vro. 

Surjectivity: Let / G Htpy(X;5). Then / maps dD^ to a trivial loop in X. 

It is then easy to homotope / relative to dX to a map fixing dD^. (One 

can also use the homotopy extension property of {X, dX).) 

Injectivity: Suppose f,g £ }itpj{X;d) are homotopic relative to 5 by a 

homotopy H : X x I ^ X. Consider the restriction of H 

HdD2 : dD"^ X I -^ X. 

Let Hq£)2 be a lift of Hq£)2 to the universal cover of X, which is contractible. 
As Hgu2{0 X I) = * and HQD2{dD'^ x 0) = HQD2{dD'^ x 1) = dD'^, we 

have Hgr)'^{dD^ x 0) = HQD2{dD^ x 1) is a fixed lift dD^ of dD^. Hence 
Hq£,2 is homotopic to the constant map iqd'^ : dD^ x I —f dD^ relative 
to dD'^ X {0,1}. Let h : {dD'^ x I) x I ^ X he the projection of this 
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last homotopy and extend it to hg : {{dX x /) U (X x {0, 1})) x / ^ 
X using the constant map on dX\dD^ and / and g on {X x 0) x / and 
(X x 1) X /. Hence hg is a homotopy from the restriction Hg of H to 
ldXxI)U{Xx{0,l}) to the map igxUfUg : {dX x I)U{X x {0,1}) -^ X. 
Now {X X I, (dX X /) U {X X {0, 1})) has the homotopy extension property 
as it is a CW-pair, so we get a homotopy h : (X x I) x I ^ X from H to 
a homotopy H' : X x I -^ X with H'{X x 0) = f{X), H'{X x 1) = g{X) 
and H'[dX x I) is the constant map on dX. Hence / and g are homotopic 
relative to dX. D 

By a A-category, we mean a category enriched over simplicial sets. 

Let T denote the A-category obtained from T by taking the nerve of 
the categories of morphisms, that is T has the same objects as T, and 
T{n,m) := N,'Z{n,m). 

Proposition 2.4. The A-category T is symmetric monoidal under disjoint 
union and its classifying space BT is an infinite loop space. 

Proof. Taking disjoint union Ti U T2 and shifting the labels of T2 induces 
a monoidal structure on T. The symmetries are then given by the block 
permutations n + TTi— >m + nin T{n + m,n + m). 

Now BT is connected as there is a morphism from any object to 1. It 
follows that BT is an infinite loop space [17, 21]. D 

The cobordism A-category S defined in [23] is the subcategory of T gen- 
erated by the surface pieces P, T and D, i.e. it has the same objects as T and 
the morphism space 5(n, m) is the nerve of the full subcategory of T(n, m) 
generated by the surface objects. (To be precise, the above model for 5 is a 
mix of [22] and [23]: we use the combinatorial description of [23] but work 
with mapping class groups as in [22], instead of spaces of diffeomorphisms. 
This is equivalent because the components of the diffeomorphism group of 
a surface are contractible when the genus is large enough [6, 5].) 

The A-category S is symmetric monoidal under disjoint union and 

O B5 ~ Z X Br+ 

[22, Thm. 3.1]. 

As the inclusion respects the symmetric monoidal structure, we have the 
following proposition: 

Proposition 2.5. The inclusion of categories S ^ T induces a map of 
infinite loop spaces B5 — s- BT. 

Theorem 4.1 says that flBT ~ Z x BAutJ^. The map of infinite loop 
spaces il B5 -^ Q BT is then the map announced in Theorem 1.1. 

3. A T-DIAGRAM 

In this section, we work with simplicial sets and bisimplicial sets — the lat- 
ter coming from homotopy colimits of functors to the category of simplicial 
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sets. We use the following fact about bisimplicial sets: to any bisimpli- 
cial set X,^,, one can associate the diagonal simplicial set dX, by taking 
dXp = Xp^p. Let / : X,, — > Y, , be a bisimplicial map. If fp^, is a homo- 
topy equivalence on the vertical simplicial sets Xp^, and Yp^, for each p > 0, 
then the induced map / : dX, -^ dY, is also a homotopy equivalence [8, IV 
Lem. 2.6]. 

When we consider a bisimplicial set as simplicial set, we mean its associ- 
ated diagonal simplicial set. 

Given a small A-category M, an M-diagram is a functor X : M°p — > 
Simp, from the opposite category of M. to the category of simplicial sets. It 
is thus a simplicial set X = ]JjAf(i) where i runs over the objects of M, 
with a simplicial action 

M{i,j)xX{j)^X{i) 

for all objects i,j of M. An example of an A4-diagram is given by taking 
X{i) = M{i,io) for a fixed object iq of A4. 

We denote by Ti the T-diagram with Ti{k) := T{k,l) and by T^q the 
T-diagram with 

T^k) = Tel{T{k, 1) ^ T{k, 1) ^ . . . ), 

with the maps in the telescope defined by composition with G G T(l,l), 
and the T-diagram structure, as for 7i, obtained by pre-composition in T. 
Let Aoo,k ■= co\im{An,k -^ A+i,fc ^ ■■■), where the map An,k -^ An+i,k 
is given by wedging with an 5^ and extending the homotopies via the iden- 
tity. 

Theorem 3.1. %o{k) ~ Z x BA^^k 

Proof. Recah from Corollary 2.3 that 1{k, 1) = Inik, 1) U 1s{k, 1), where 
l-oik, 1) is the full subcategory of T(A;, 1) generated by objects with a disc 
as outgoing surface component. Let '7d(A;, 1) := N,l£i{k, 1) and Ts{k, 1) := 
Nf'Zsik, 1) denote their nerves. 

Let TD^ooik) C Tao{k) be the restriction of the telescope T^oik) to the 
space T£){k, 1). As T^ik, 1) ~ L[n>e-^^",fc (Corollary 2.3), we have 

TD,oo{k) ~ Z X BAoo.fc- 
The theorem then follows from the fact that there is a retraction 

r : Too(fc) ^^TD,oo{k) 
as the maps defining the telescope take Ts{k, 1) to T£){k, 1): 

T^{k) = Tel 



Ts{k,l) Ts{k,l) Ts{k,l) 




n \^ u "^-^ n \ 




Toik, 1) ^^ Toik, 1) ^^ Toik, 1) - 


— > 
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Explicitly, r is a bisiinplicial map defined vertically by r^ : {Too{k))p = 

Uno<-<nj,GN('^5(A:,l) UrD(A;,l)) -^ iTD,^{k))p = ]ln^<...<np&}'^D{k,l) 

which maps Ts{k, 1) x (no, . . . , no, ni, . . . , Up-i) with no < ni to T^ik, 1) x 
(no + 1, . . . , no + 1, ni, . . . , np_j) using the map DG and maps Ti:){k, 1) x 
(no, . . . ,np) to itself via the identity. D 

For an A^-diagram X, we can consider the Borel construction E/^X of 
the action, that is the homotopy colimit of the functor X. So Ej^X is the 
bisimplicial set whose simplicial set of p-simplices is given by 

{EmX)p:= ]J M{iQ,ii)x ...X M{ip-i4p)^ X{ip) 

io,...,ipeOb{M) 

with boundary maps (Iq by dropping, di, . . . , dp-i by composition in Ai and 
dp using the A4-diagram structure. 

Lemma 3.2. Eq-Too is contractible. 

Proof. By [22, Lem. 3.3], Eq-Ti is contractible, where 7i is the T-diagram 
with Ti(n) = T(n, 1). Then EtT^ ^ TeliErTi -^ ErTi ^ . . . ) is a 
telescope of contractible spaces and thus is itself contractible. D 

4. Homotopy type of T 

We use the T-diagram 7^ and the homological stability of the auto- 
morphisms of free groups with boundary An.k [13] to prove the following 
theorem: 

Theorem 4.1. [)BT 2^ Z x BAut+ 

Lemma 4.2. The vertices of the simplicial sets of morphisms in T act by 
homology isomorphism,s on 7^. 

Proof. The vertices of T{n,m) are the objects of the category 'Z(n,m), so 
they are 2-dimensional CW-complexes built out of the pieces P, T, D and G 
by gluing and disjoint union. It is enough to show that each of these building 
blocks acts by homology isomorphisms. An element of Tx>(A;) ~ Z x B^oo,fc 
is a colimit of morphisms from A; to 1 and T acts by precomposing, that is 
by gluing on the k incoming boundary circles. Acting one piece at a time 
means precomposing with that piece disjoint union with k — 1 circles. We 
show that the corresponding operations on the groups An^k induce homology 
isomorphisms stably. 

By [13], we know that the maps 

A ^^■''^' A 

. Go.i . 
-^n,k ~* -^n,k+l 

obtained by wedging a circle (that is the graph Gi^o) and a boundary circle 
(that is the graph Go,i), induce homology isomorphisms on the stable groups: 

(Ci^o)* : H*{Aoo^k) — ^ H*{Aoo^k) and (Go,i)* : -ff*(^oo,fc) — > -f^*(^oo,fc+i)- 
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This implies that gluing a disc B also induces a homology isomorphism 
stably since the composition 

. Go,i . D . 

■^n.k—l ^ -^n,k *■ ^n,fc— Ij 

gluing B on the boundary circle of the added Go,i, is the identity. 

Thus gluing a pair of pants P induces a homology isomorphisms stably 
as the composition with gluing discs on the incoming boundaries of P is the 
same as gluing a disc B where P was glued. 

Gluing a torus T also induces a homology isomorphism stably as the 
composition 

Go 



A '■'" A A 

■^n,k—l ^ ■^n,k *■ -^n+2,k 

gluing T on the boundary circle of Go,i, is the same as wedging the graph 
G2,i. Indeed, the two maps add two extra circles and a boundary circle and 
prolong the homotopy equivalences via the identity on the added pieces. 
Similarly, gluing G induces a homology isomorphism stably as the composi- 
tion with wedging Go,i is the same as wedging Gi.i. D 

Note that the three maps A^^k -^ ^n+2,fc induced by gluing T, gluing 
GnG or wedging G2,o, are all different. However, by freeing a boundary 
circle (which induces a homology isomorphism stably) one can show that 
the compositions F o T and F o Go,2 : ^n.fc ^ ^n+2,fc ^ A„+3_fc_i, gluing 
a torus or wedging two circles and then freeing the appropriate boundary 
circle, are conjugate, and hence induce the same map on homology. This is 
another way to see that gluing T induces a homology isomorphism stably. 

Proof of Theorem 4-1- Consider the square 

%o{k) >EtToo 

p 

k >Br. 

By the generalized group completion theorem [22, Thm. 3.2] (see also [19, 
20]) and using Lemma 4.2, this square is homology cartesian, which means 
that the fiber of p at any vertex is homology equivalent to the homo- 
topy fiber. As EtT^^ is contractible (Lemma 3.2), the homotopy fiber is 
OBT. Considering the fiber of p at 0, we thus have a homology equiva- 
lence 7^x3(0) — > OBT, and hence again a homology equivalence after plus- 
construction with respect to any perfect subgroup of 7ri7^(0). Now 7^(0) ~ 
Z X BAutoo by Thm. 3.1 and the commutator subgroup [7ri7^(0),7ri7^(0)] 
is perfect [18, Rem. 2]. So we can plus-construct with respect to this sub- 
group and we get a homotopy equivalence by Whitehead's theorem for simple 
spaces [3, Ex. 4.2]. D 
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5. Two INFINITE LOOP SPACE STRUCTURES ON Z X BAut, 



oo 



Consider the category T£)(0, 1). Its classifying space is homotopy equiv- 
alent to ]J„>Q BAut(F„) by Corollary 2.3. We claim that the pair of pants 
defines a symmetric monoidal structm'e (up to homotopy) on T£)(0, 1) equiv- 
alent to the symmetric monoidal structure induced by wedging circles on 
]J„>Q Aut(F„), thought of as a category with objects {\/nS^\7i E N} and 
morphism sets 7roHtpy^(V„S'^, VmS^). To be able to remove the 'up to ho- 
motopy' in the above claim, but also for the comparison to the infinite loop 
space structure of Q BT, we need to work with a quotient of the 2-category 
1. 

To make the pair of pants multiplication unital, we need to collapse the 
1-morphisms BD^P to the circle, where i = 1,2 represents the two possible 
gluings of B and P. To make it associative, we need to identify PDiP and 
Pn2P. We define a 2-category T^ whose objects are the natural numbers as 
in T, and whose 1-morphisms are the 1-morphisms of T with no occurrence 
of the sequences BDjP for i = 1,2, or Pn2P. The 2-morphisms of T^ are 
as in T except that the circle is thought of as a small cylinder, having thus 
automorphism group Z. As shown in [25, Sec. 3.1.1], for each object T 
of T(n, m) there exists a canonical quotient object T^ of T'"(n,m) and a 
homotopy equivalence T ^ T^ which can be used to define composition 
in T'". (The argument in [25] extends immediately from 5 to T as the 
quotient construction only affects the pieces P, T and B.) We have fi BT^ ~ 
Z X BAut^ by the same argument as for T. We chose to work with T rather 
than T'' in the first part of the paper to stay as simple as possible. 

The pair of pants induces a monoidal structure on T^(0, 1), where 1^(0, 1) 
is defined in an analogous way to Td(0, 1). (Note that the quotient construc- 
tion only affects the disc B and not the disc component in G.) The twist on 
the pair of pants defines a symmetry as it squares to a Dehn twist along the 
outgoing boundary of the pair of pants, which is homotopically trivial once 
the incoming boundaries of the pair of pants are closed by discs. 

Theorem 5.1. The equivalence QBT ~ Z x BAutji^ is an equivalence of 
infinite loop spaces, where the left infinite loop structure is induced by disjoint 
union in T and the right one by wedging circles in JJ^^p^ Aut(F„). 

Proof. The proof of this theorem is totally analogous to the proof of the 
main result in [25], which says that the infinite loop space structure on 
Z X BFj^ coming from JlBiS is equivalent to the one coming from the M- 
algebra structure of 5(0,1) ~ ]J ^pBr^^i, where M. is the mapping class 
group operad defined in [24]. We will only sketch the main steps for the case 
of interest here. 

We have an equivalence of infinite loop spaces QBT ^^ OBT'', where 
1"^ denotes the A-category associated to T'', and we have an equivalence of 
symmetric monoidal categories T^(0, 1) -^ ]J„gj^ Aut(F„). We give here 
an equivalence between the spectra of deloops of $7 B(72(0, 1)) and of BT''. 
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Let S be the standard E'oo operad with T,{k) = ET,^ for S^ the symmetric 
group. (This operad is denoted r+ in [1, 2] and F in [25].) As T^(0, 1) and 
T^ are symmetric monoidal categories, the operad S acts on their classifying 
spaces r^ (0,1) and BT'". 

We want to relate OBT*" and 7^(0, 1), which is a subspace of T^ {0, 1). 
To a morphism from to 1 in T^ corresponds a 1-simplex with boundary 
points and 1 in BT'', by definition of the nerve. There is thus a natural 
map 

(/.:T^(0,1) ^nBT'' 
taking the path from to 1 in BT'' defined by the element of T[){0, 1) and 
going back to along the path defined by the disc, also thought of as a 
morphism from to 1. The crucial observation is that this map respects 
the multiplication up to homotopy, as show in Figure 4. The figure shows 



0^^ 




Figure 4. Homotopy 

the loop obtained by multiplying DDTDG and DDG in 7^(0, 1) and then 
map to nBT'', producing a loop following (EDDTDG U DnG)nP from to 
1, and then following the disc- morphism back to 0. The other loop, going 
from to 2 and back to 0, is the one obtained by mapping first DDTDG and 
DDG to OBT*" and then multiplying, that is taking loop on disjoint union. 
The two loops are homotopic in BT'' because the operad S acts on T2(0, 1) 
by taking disjoint union and composing with P as a morphism in T^ . This 
means that the top triangle in the figure commutes in T'", and hence defines 
a 2-simplex in BT''. On the other hand, we have defined composition in T'' 
so that the bottom triangle also commutes. (This is a place where we need 
the disc to be a strict unit.) 
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This argument extends to give all necessary higher homotopies, parametri- 
zed by the elements of S. (Considering higher multiplications will give higher 
simplices in BT^). 

More concretely, we consider Barratt and Eccles' model for the spectra 
associated to the action of S on T^{0, 1) and on BT*". These are realization 
of simplicial spaces, where the ith space of the spectrum has q'-simplices 
given by ^S(5* A S'?(T^(0, 1))) and ^S(5* A T,i{BT'-))) respectively, where 
Q is the group completion functor on free simplicial monoids, S denotes now 
the monad associated to the operad E, and E^ means iterating the monad 
q times. The simplicial structure is given by the monad multiplication for 
do, ... , dg-i (using the assembly map 5^ AS(X) -^ T,{S^ AX) for do) and by 
the E-algebra structure of 72(0, 1) and BT^ for the last boundary map. The 
spectrum structure comes from the equivalence QT,{X) — ^ ilQT,{S^ A X) 

[1, 2]. 

The map (p defined above gives a map on the level of g-simplices from the 
ith deloop to the {i — l)st deloop: 

gs(5* A s''(r2(o, 1))) — ' — > gj:{S'-^ a ^^(bt'')) 



The maps {fq}q>o do not quite form a simplicial map as (j) respects the 
algebra structure only up to homotopy, as explained above. However, as 
in the case of the mapping class groups, one can use the explicit homo- 
topies sketched above to rectify /* to a simplicial map, while respecting the 
spectrum structure. The rectified map gives the equivalence of spectra. D 

Proposition 2.5, Theorem 4.1 and Theorem 5.1 combine to prove Theo- 
rem 1.1. 

6. Punctured surfaces 

We have constructed a 2-category T which is adequate for proving The- 
orem 1.1. There are of course many possible versions of T. M. Weiss sug- 
gested the following modification of T, which has the advantage of being a 
little more natural to construct, but the disadvantage of loosing basepoints, 
thus making the comparison to the original infinite loop space structure on 
Z X BAut+ more difficult: 

Let T) be the 2-category obtained from T by replacing the 1-morphism G 
by a punctured cylinder C = {S^ x /)\{*}, with one incoming and one out- 
going boundary circle. The 1-morphisms of 2) are — possibly punctured — 
cobordisms build out of P, T, D and C, and the 2-morphisms are homotopy 
equivalences which fix the boundary circles, but not the punctures. 

As soon as a surface is punctured, it is homotopy equivalent to a basepoint- 
free graph Gn,k, relative to the boundary circles. Let A^ a: ~ "^o Htpy(G„_fc; d) 
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denote the group of components of the space of honiotopy equivalences of 
Gn,k which fix its k boundary circles. Let Tip{k, 1) denote the subcategory 
of 2) (A;, 1) generated by the punctured surfaces. We have 

Pp(A;, 1) := B2)p(A:, 1) =. ]J B<fc_,i . 

n>0 

As the groups ^^ ^ have the same stable homology as An^k [13], one can 
run through Sections 2-3-4 above replacing T by 2) and G by C, and show 
that BD ~ Z X B AutJ^ . Only Section 5 does not have a straightforward 
extension. 

Let M. denote the mapping class group operad of [24]. One can define 
M in terms of the cobordism category by taking M.{k) = S{k, 1) and the 
operad composition induced by composition in S. It is shown in [24] that 
7W-algebras are infinite loop spaces after group completion. The pair of 
pants multiplication does not define a symmetric monoidal structure on 
Pp(0, 1), but it extends to an action of A4. One can adapt the proof of 
Theorem 5.1 — or rather the proof of the main theorem of [25] — to show 
the equivalence between the infinite loop space structure of il. BP, induced 
by disjoint union on D, and that of r2BPp(0, 1), induced by the A^-algebra 
structure of T>p{0, 1). However, the only way I can see for comparing the 
infinite loop space structure of r2BX'j,(0, 1) and the 'usual' structure of Z x 
BAutJ^ is going through $7 BV and Q BT via a middle category with both 
G and C as 1-morphisms: 
n BPp(0, 1) > QBV ^ BU„gN BAut(F„) . 



nB{VuT)< nBTi OBTz)(0,l) 

Note that Pp(0, 1) is a sub-A^-algebra of T>{0, 1), and one can show that 
they have the same group completion, namely Z x BAutJ^. We thus have a 
map of Al-algebras 

5(0,1)^^(0,1) 
which after group completion gives another model for the infinite loop map 

Z X Br+ — > Z X BAut+ . 
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